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9.

The perimeter is
P=3x
The area of a triangle is

A:lbh
2
where b is the base, h is the height
1 1 NG
h=—btan60’° =—b-y/3=""b
2 2 V3 2

In our case b = x, then the area is

A—— £x—£x
2 2

10. By Pythagorean theorem
a’+a’=d’

2a* =d?
azzd—2
2
d2
a=.—
\ 2
d
a=——
2
2d
a=—o
2

The area of the square is

2 4 2

60




11. From the triangle ABC by Pythagorean theorem
AC’=AB’+BC’=a’+a’=2a’

From the triangle ACD by Pythagorean theorem D
AD?=AC?*+CD?=2a’ + a’ = 3a’ .
Thus, |
d> = 3da22 .
I
2 _ RN
a = 3 I
d? I
a=,—
3
i
3
a3
3

The surface area is

2
A=6a’ —6£\/_dJ =6- d?—2d2

The volume is

owo(0] 200

279
23.
(a) [yl=x
This equation can be rewritten as :
- <0 .
. Y, y
-

The first line passes through the points :
(1,-1) and (5, -5). ;
The second line passes through the points
(1, I) and (5, 5).

The graph is not graph of a function
because we can draw a vertical line that
intersects it more than once.




(b)y’ =x*

This equation can be rewritten as
V—x=0

Y- +x)=0

y—x=0 or y+x=0
y=X or y=-X

The graph is not graph of a function
because we can draw a vertical line
that intersects it more than once.

24. (a) x| + |yl =1

In the Quadrant I x > 0 and y > 0, so we have
xt+ty=1

y=—x+1

This is a line with the slope m = —1 and the
y-intercept (0, 1).

In the Quadrant II x <0 and y > 0, so we have
—x+y=1

y=x+1

This is a line with the slope m = 1 and the
y-intercept (0, 1).

In the Quadrant III x <0 and y <0, so we have

—Xx-y=1

y=—=x-1

This is a line with the slope m =—1 and the y-intercept (0, —1).

In the Quadrant IV x > 0 and y < 0, so we have

x—y=1

y=x-1

This is a line with the slope m = 1 and the y-intercept (0, —1).

The graph is not graph of a function because we can draw a vertical line that intersects it
more than once.



(b) [x+y[=1

We have two equations:
x+ty=landx+y=-1 st
or

y=—x+1and y=—x-1
The first graph is a line with the .
slope m = —1 and the y-intercept st

(0, 1).

The second graph is a line with the . . . '
slope m =—1 and the y-intercept iR EERERRED
(0, =1).

The graph is not graph of a
function because we can draw a
vertical line that intersects it more
than once.
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4-x2, x<1
F(x)= ,
X"+ 2X, X>1

When x < 1 then F(x) =4 — x°, so the part of the graph of F that lies to the left of the vertical

line x= 1 must coincide with the parabola y = 4 — x*.

The x-coordinate of the vertex is

__b__ 0 _
2a 2(-1)
Find y for x =0:
y=4-0>=4,

The vertex is (0, 4).
Find few points:

X 1 -1 2 -3 —4
y=4-x" 3 3 0 -5 ~12

When x > 1 then F(x) = x*+ 2x, so the part of the graph of F that lies to the right of the
vertical line x= 1 must coincide with the parabola y = x* + 2x.
The x-coordinate of the vertex is
b -2
—_—_— = 1
2a 2-1
Findgf forx=1:
y=1"+2(1)=3



The vertex is (1, 3).
Find few points:

X 2 3 4
y=x"+2x 8 15 24

24‘
22
20
13
16
14

12

10

1

-, x<0
G(X)=1x

X, x>0

When x < 0 then G(x) = 1/x, so the part of the graph of F that lies to the left of the vertical
line x= 0 must coincide with the graph of y = 1/x.
Find few points:

X 10 -5 1 0.5 0.1
y=1/x | 0.1 0.2 -1 2 ~10

When x > 0 then G(x) = X, so the part of the graph of F that lies to the right of the vertical
line x= 0 must coincide with the graph of y = x.
This line have slope m = 1 and y-intercept (0, 0).
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29. (a) On the interval [0, 1] the line passes through the point (0, 0) and (1, 1), so the equation of
the graph on this interval is y = x.
On the interval [1, 2] the line passes through the point (1, 1) and (2, 0).

The slope is
m= Y~V :0_1:_
X, =%  2-1

The equation of the line is
y-yi=mXx-—x)

y—-1=—(x-1)
y—-l=—=x+1
y =—=x+2
The equation of the function is
X, 0<x<l
f(x)=
—X+2, 1<x<2
(b) The equation of the function is
2, 0<x<l1
0, 1<x<2
f(x)=
2, 2<x<3

0, 3<x<4



30. (a) On the interval (0, 2] the line passes through the point (0, 2) and (2, 0).

The slope is
m= Y =Y :0_2__
X, =% 2-0

2
The equation of the line is
y-yi=mx-—x)
y—2=—x-0)
y=—x+2

On the interval (2, 5] the line passes through the point (2, 1) and (5, 0).
The slope is

_Yeo¥ 011

m

X, =X~ 5-2 3
The equation of the line is
y-yi=mXx-—x)

1
y-0= 3 (X=5)
yo Ly, s
3 3
The equation of the function is
—X+2, 0<x<£2
o= —%x+§, 2<Xx<5
(b) On the interval (-1, 0] the line passes through the point (-1, 0) and (0, —3).
The slope is
_ Yoo ¥ 3-0
X -%  0—(=1)

The equation of the line is
y -y =m(x—x)
y—0=-3(x-(-1))

y=-3x-3
On the interval (0, 2] the line passes through the point (0, 3) and (2, —1).
The slope is

X, =X 2-0

The equation of the line is
y—yr=mx-xp)
y—3=-2(x-0)

y=-2x+3

The equation of the function is

—-3x-3, —1<x<0
f(x)=
—2X+3, 0<x<£2
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11. f(x) =x -3, g(X) =~/x, h(x) = x°, j(x) = 2x

(a)
y=x-3
y=(fog)x)

(b)
y:2J;

y=(J°9)(X)
(©)

1
y=x'

y=(g°9)(X)
(d)

y =4X

y=(j° DX

(e)
y=4/(x=3)’
(ho £)(x)=(x-3)’
y=(geohof)(x)

()
y =(2x—6)
(Jo )0 =(2x-6)
y=(hejo F)(x)

12. (a)
y=2Xx-3

y=(foX)



(b) 3
y=x2
y=(hog)(x)

(©)

y=x
y=(hoh)(x)

(d)
y=X-6
1 1
2 h(x) = 5 X

2f(x)=2x-6

y=(f ﬁh)(x)

y=24JX-3

(9o H)(X)=+x-3

y=(hegef)(x)

()

y=+vx-3

(foh)(X)=x"-3

y=(go foh)(x)
27.y= x>, left 1, down 1

If ¢ > 0 then
y = f(x + c¢) shifts the graph of y = {(x) a distance c units to the left
y = f(x) — c shifts the graph of y = f(x) a distance ¢ units downward

Therefore,
y=(x+1)’ shifts the graph of y = x° one unit to the left
y=x+1y -1 shifts the graph of y = (x + 1)’ one unit downward

Find few points:

3| 2 | -1 0 1 2 3
x | 27 | -8 -1 0 1 8 27

(R




25+

20+

15

10+

y=(xH) - 1

104

154

204

251

2

28. y= X3 , right 1, down 1

If ¢ > 0 then

y = f(x — ¢) shifts the graph of y = f(x) a distance c units to the left
y = f(x) — c shifts the graph of y = f(x) a distance ¢ units downward

Therefore,

2
y=(x-D’

2
y=(x-1)*-1

Find few points:

2

shifts the graph of y = x> one unit to the right

2

shifts the graph of y =(x—1)3 one unit downward

X 27 | -8 —1

o

o]
N
~




y=X2f3

Y= - 11

X

4 6 8 10 12 14 16 18 20 22 24 26 28

28.26-24-22-20-18-16-14-12-10 -8 -6 -4 -2

45, y=3/x-1-1

The graph of y =3/x—1-1 is the graph of y = 3x shifted by 1 unit to the right and then
moved by 1 unit downward.

Find few points:

x _ | 27] 8] -1 0 1 8 27
y=Ix [ -3 2 | 4 0 1 2 3

¥

4,,

e e S e e e s e -
y= V- I A

21 Fo Lo

1w y=&-1D¥ 1

X
Y
g

28262422 20-18-16-14-12-10 -8 -6 4 -2 | /2 4 6 8 10 12 14 16 18 20 22 24 26 28




46.y=(x+2)"*+1

3/2

The graph of y = (x + 2)*? + 1 is the graph of y = x”* shifted by 2 unit to the left and then

moved by 1 unit upward.

Find few points:

X 0 1 4 9 16

A

y=x 0 1 8 27 64

651—
60+
55+
504
45+

401

351+
¥=x+2P+1
301
28+
20+

181

10

59. y= 1+i2, compressed vertically by a factor of 2
X

If ¢ > 1 then
y :% f (X) compress the graph of y = f (x) vertically by a factor of c.



Then

_1(1+L]
y 2 x?
1

1
=—+4 —
y 2 2x°

60. y=1+ Lz , stretched horizontally by a factor of 3
X

If ¢ > 1 then

y=f (lj stretch the graph of y = f (X) horizontally by a factor of c.
C

Then

y=1+ !

Pg.28

9. cosX:l, Xe —Z,O
3 2

sin’ X+cos’ x =1
sin’ X =1—cos” X

sin X = +4/1—cos” X

Since x is in Quadrant IV then

sin X = —/1—cos? X

: (1]2 18 8 22
sinx=—/1-|=| == [l1-—=—, |- =——=-—2""—"
3 9 9 3 3
22
tan x = X _ NG
oS X

w»—“w



10. cosX:—i, Xe z,ﬂ'
13 2

sin® X+cos’ X =1
sin® X =1—cos” X

sin X = ++/1—cos? X

Since x is in Quadrant II then

sin X =+/1—cos” X

. 5Y 25 [144 12

sinX=1—-|-=—| = J1-—= |[— ==
13 169 169 13
12

sinX 13 12

cosx 5 5
13

tan X =

1 kY4
Il. tanX=—, Xe| r,—
2 2

sin® X+cos* x=1
sin® X 1

2 +1= 2
cos” X cos” X

tan’ X+1=

COS2 X

1
tan® X +1

cosXx== >
Vtan X+1

1
1
COSX=F———
Jtan® x+1
Since x is in Quadrant III then

1
COSX=——F—————

Jtan? X +1

cos’ X =



COS X =

1 1[4 2 25
: 5 5
e 5
7 4 4

25) 5

. 1
Sin X = tan X cos X :E(__] ="

5 5
T
19. y= X——
y cos( 2]

The graph of y = cos(x —%) is the graph of y = cos X shifted by % units to the right.

Find the y-intercept:

y= cos(O—zj = cos(—zj =0
2 2

The y-intercept is (0, 0).
Find the x-intercepts:

cos(x—zjzo
2

x—2 =24 7k keZ
2 2
X =7+ 7k
The x-intercepts are (7 + 7zK,0).
Find few points:

X Oz |z |z |z | = |3z | 2n
6 4 3 2 2
1| B vz ]! 0| -1 ] 0 1
yZoosx 2|2 ]2

y = cos X is an even function so its graph is symmetric about the y-axis.
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sin X

y:

sin x is an odd function so its graph is symmetric about the origin.

y:

The period is 2.

sin X

j:

cos(a—p)
Transform the left side:

T

X ——
2

31. cos[

cosa cos f+sinasin

V4
2

T . .
COS XCOS—+S1n XSin —

2

ﬁj:

X ——
2

COS[

cosX-0+sinXx-1

sin X

32. cos[x+%j:—sinx



cos(a+ ) =cosacos f—sinasin S

Transform the left side:
T T, . T
COS| X+— | =cos Xcos——sin Xsin —
[ 2 j 2 2

=cosX-0—sinXx-1

= —sin X
47. cos’ =
8
cos? _1+cos2a
2
s N
COS2£:1+COSZ:1+7:2+\/§
8 2 2 4
48. cos’ ~
8
cos’ or = 1+cos2a
2
T
5 1+coss—ﬂ 1+COS(7T—) 1+cos7rcosz+sin7zsin£
cos? 2 = 6 - 6)_ 6 6
12 2 2 2

1+(—1)-£+0-l l—ﬁ
- 2 2 _ 2

2 2

4

53. sin28—cosd =0



sin26—cos@ =0
2sinfcosd—cosf =0
cosfd(2sinf—-1)=0

cos@=0 or 2sinf—-1=0

cosf =0 or siné?:%

V4 m o 1
9:5+7zk kez or 6 =(-1)"sin E+m7z meZ
0="2+ 7k or 9:(—1)”‘£+7rm

2 6

54. cos28+cos@=0

cos’ @ —sin’@+cosf =0
cos’@—(1—cos’ @) +cosf =0
cos’ @—1+cos” @+cosd=0
2cos’@—1+cosd=0

2cos’@+cosf—1=0
2cos’@+2cosf@—cosf—1=0

2cosB(cos@+1)—(cos@+1)=0
(cos@+1)(2cos@—1)=0
cosd+1=0 or 2cosf—-1=0
cosd=—-1 or 2cosf=1

cos@d=-1 or cos@z%
0=rx+2rnk keZ or 0zicos1%+27zm meZ

0=rx+27k or H:J_r%+27zm

Pg.63
3. h(t) =cott



The average rate of change of a function y = f(X) over the interval [a, b] is M .

n 37
@5

T 7 T
4 4 2 2
T
(b) [E’E}
cot z —cot z
(2) (6) 0-v3 3 33
T - 27 :_7:_7
2 6 6 3

4. g(t)=2+cost

The average rate of change of a function y = f(X) over the interval [a, b] is M .

b-a
(a) [0,7[]
2+cosm—(2+cos0) 2+(-D-(2+1) 1-3 2
7—-0 - V4 Tz
(a) [—7[,7[]
2+cos7r—(2+cos(—72’)):2+(—1)—(2+(—1)):1—1:0
w—(-rx) 2 2

8. Example 3 is needed

9. Example 3 is needed
13. Example 3 is needed
14. Example 3 is needed

Pg.73



. x+3 limx+3) 243 5
15. lim =X=2 = =—
=2 X+ 6 hn;(x+6) 2+6 8

16.

lim 3s(2s—1)= lim 3- lim S- lim (2s-1)
s—>2/3 s—2/3 s—>2/3 s—2/3

SRR

2

1_2
33
21.

i - lm3 3

1m = =

>0 \/3h+1+1 1hin3(J3h+1+1) lhirr(}\/3h+l+}]ingl
3 3 3

flim(3h) + lim 1 +1 CJo+1+1 2

. NSh+4-2 . (N5h+4-2)\/5h+4+2)

lim———— =1lim

h—0 h h—0 h(~/5h+4+2)
5h+4-4

5h
=lim—————=lim—————
>0 h(y5h+4+2) PM0h(/5h+4+2)

22.

5 5
=lim =
h>0J5h+4+2 5-0+4+2

__ S5 5
Ja+2 4

27.

2 2
po U2 Pe2t-to2 L t(t2) - (t+2)

t>1 t2 -] t-1 t?2 =1 >l (t=1)(t+1)
=1irn(t+2)(t—1)=hmt+2

=L (t=-D)(t+1) 1 t+1

_1+2 3

I+1 2

28.



P 43t+2 . CHt+2t+2 . tt+D)+2(t+1)
im— = lim = lim
GO P -2 O -2t1t-2 oOtt-2)+(t-2)
(t+1)(t+2) lim t+2 —1+2
Hl(t D+ 1t-2 —1-2

33.
th4_1—lim (U>=1)(Uu>+1) =1irm(u—l)(u+1)(u2+l)
LY =1 wst(U=1) (U +u+1) sl (U=1)Uu>+u+1)
_ m(u+1)(u2+1)_(1+1)(12+1)

1 =
ol U U+l 1> +1+1
_4
3
34.
3 2
lim v’ -8 ; (V=2)(V* +2V+4) lim (V=2)(v"+2v+4)

m
2yt _16 v V=V +4) 2 (V=2)(V+2)(V +4)
. Vi+2v+4  2°42.2+4
-2 (VE2)VEH4) (2+2)(2° +4)
12 3

323

45. hmsecx—hm 1 =1:1

x>0 cosX cosO 1

41.
p 2=V =5 L 2=VX =5)(2+4X -5)
x> 3 (x+3)(2+XE = 5)
4—(x>=5) 4-X*+5

= lim

O3 (X+3)(2+VXE=5) X"3(x+3)(2+\/x -35)




9-x> (3=X)(3+X)

_*lg%(x+3>(2+ﬁ>_XIE%<X+3)(2+K>
= lim 3-(3)

H32+m 2++J(=3) -5

6 6_3
T2+44 4 2
49.

XILnETMCOS(H )= hm Jx+4- hm cos(X+ )
:mcos(—ﬁ+7r):mcos0
=471
=N4-r

56. lim p(x) =4, lim r(x)=0, lim s(x)=-3

(a) Xlirg( pP(X)+r(x)+s(x)) = }il’g p(x)+ }ir{lz r(x)+ Xlin_12 sS(X)=4+0+(-3)=1
(b) lim (p(x)-r(x)-s(x)) = lim p(x)- lim r(x)- lim s(x) = 4-0-(=3) =0

(c)
(—4p(x)+5r(x))  Hm(=4p(x)+5r(x))  lim(-4p(x))+ lim (5r(x))

x>-2 s(X) lim s(x) - -3

_TAHim pOO+SImr(x)  —4.4+5.0 16

-3 33
57.f()=x* x=1
_ 2 22
m(x) = f(x+h) f(x)_1 (X+h)> =x? fim X +2xh+h”—x
h~>0 h—0 h h—0 h
2
=1hin32Xh+h = lim(2x-+h) = 2x

At x =1 we have
m()=2(1)=2



58. f(x) =x%, x =2

M(X) = fim f(x+hz— f(X) :hm(x+h)2—x2

. X*+2xh+h*=x*
=lim
h—0

h—0 h h—0 h

. 2xh+h?
=lim

h—0
At x = -2 we have

m(-2) = 2(-2) = -4

= lhirr&(2x+ h)=2x

61. f(x)=/x,x=7

L fx+h—f0 . x+h=Jx . (x+h =) x+h+/x)
e N
X+h-x

h 1
=lim =lim =lim
50 h(JXx+h+4/x) 0 h(x+h+/x) 20 x+h+4/x
1 1
x+/x 0 24x

At x =7 we have

7y = J7

27 14
62. f(X)=3x+1,x=0

m(X) = lim f(X+hr)]— f) :hm\/3(x+h)+1—\/3X+l

h—0 h—0 h

B+ =3+ D3+ 1) +1+43x+1)
=lim

" h(y3(x+h)+1+43x+1)
=1lim 3(x+h)+1-(3x+1) . 3x+3h+1-3x-1

o0 h(B(x+h)+1+~/3x+1) R h(\3(X+h)+1++/3x+1)
3h 3

=lim =lim

h=0 N(J3(X+h) +1+4/3x+1) 10 3(x+h)+1++3x+1
~ 3 3

V3X+1+~/3x+1  24/3x+1
At x =0 we have

3 3

m0)= ————=>

©) 243-0+1 2
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9. It follows from the graph that

} 9 25 3 5
if —<Xx<=— then =<JX<-=.
16 16 4 4

The interval (%,%j is not symmetric about x = 1:

B2
16 16
9 7
16 16
We can choose 9 to be the smaller of these numbers, that is

s=_".
16

10. It follows from the graph that

if 2.61 <x<3.41 then 3.8 < 24/x+1<4.2

The interval (2.61, 3.41) is not symmetric about x = 3:
341-3=041

3-2.61=0.39

We can choose 9 to be the smaller of these numbers, that
is =0.39

fx) = Vx
3 Xp = 1
A L — 1

=

2
16 16
y
M) =2V + 1
xO:3
L=4




20. f(x)=X-7,L=4,%x=23,e=1

Step 1: Solve the inequality| f (X) — L |< £ to find the interval about xo =23 on which the
inequality holds for all X # X, :

|VX—=7-4|<1
—l<VJx=-7-4<1
3<Xx=7<5

9<x-7<25
16<x<32

Step 2: Find a value of 6 > 0 that places the centered interval xo— 0 < x < X¢+ 0 inside the
interval 16 <x < 32:
32-23=9
23-16=7
The distance from x( = 23 to the nearer endpoint of (16, 32) is 7. If we take
0 =7 or any smaller positive number, then

0</x=23<7 = [Vx-7-4|<1

21. f(x)=l, Lzl, Xxo=4,&£=0.05
X 4
Step 1: Solve the inequality| f (X)— L |< £ to find the interval about xo = 4 on which the
inequality holds for all X # X, :
1 1

X

<0.05

-0.05< l —i <0.05

X

0.2<l<0.3
X

& <X<5
3
Step 2: Find a value of 6 > 0 that places the centered interval xo— 6 < x < xo+ d inside the
interval ? <X<5:

5-4=1
4-10_2
303



The distance from x¢ = 4 to the nearer endpoint of] (?, 5) 18 E .If we take 0 = % or

any smaller positive number, then
1 1

X

O<|x—4|<§ <0.05

25. f(X)=x>=5, L=11,x0=4,e=1

Step 1: Solve the inequality| f (x) — L |< & to find the interval about xo = 4 on which the
inequality holds for all X # X, :

\x2—5—11\<1
—1<x*-16<1
15<x*<17

V15 <x <17

Step 2: Find a value of 6 > 0 that places the centered interval xo— 0 < x < x¢+ 0 inside the

interval \/E< X<\/ﬁ:
J17-4~0.1231

415 ~0.1270
The distance from x¢ = 4 to the nearer endpoint of (\/E ,\/ﬁ ) is \/ﬁ —4 . If we

take 5 =+/17 —4or any smaller positive number, then
0<[x—4| <174 = |¥-5-11|=|x -16/<1

2
X 24,x0=2,8=0.05

33. f(x) =

2
L= lim f(x) = lim>—2 —1im X =242 x+2)=24224
X=X =2 X —2 X—2 X—=2 X—2
Step 1: Solve the inequality| f (x) — L |< & to find the interval about xo = 4 on which the

inequality holds for all X # X, :

2_
X4 42005
X=2
2_
0.05<X =% 4005

X—2



x> —4

X=2

(X=2)(x+2)
X=2

3.95<x+2<4.05

1.95<x<2.05

395< <4.05

395< <4.05

Step 2: Find a value of 6 > 0 that places the centered interval xo— 6 < x < x¢+ 0 inside the
interval 1.95 <x <2.05:
2.05-2=0.05
2-1.95=0.05
The distance from xy = 2 to the nearer endpoint of (1.95, 2.05) is 0.05. If we
take & = 0.05 or any smaller positive number, then

2_

0<|x—2|<0.05 X4 4005
X—2

2

34. £(x) =w, Xo =-5, £€=0.05
X+5
2 2
L= lim f(x) = lim ZF0XF3 _ iy X EXEIXHS ) XXEDH3(X+D)
X=Xy X—=5 X+35 X—=5 X+35 X—>-5 X+35

—1im ZFDCED) e (e 1y =—5+1=—4
X—>-5 X+5 X—>-5

Step 1: Solve the inequality| f (X)— L |< £ to find the interval about xo = 4 on which the
inequality holds for all X # X, :
X*+6X+5
X+5

—(-4)[<0.05

2
005 <X FXHS 4 005

X+5

K+HXAD 595
X+5
—4.05<x+1<-3.95

-5.05<x<-4.95

-4.05<

Step 2: Find a value of 6 > 0 that places the centered interval xo— 0 < x < X¢+ 0 inside the
interval —5.05 <x <-—4.95:
-5—-(-5.05)=0.05
—4.95 - (-5)=0.05



The distance from x, = —5 to the nearer endpoint of (—5.05, —4.95) is 0.05. If we
take & = 0.05 or any smaller positive number, then

2
0<|x+5]<0.05 w+4‘<0.05
X+5
.1
43, lim—=1
X=>1 X
Given € > 0, we want to find 6 > 0 such that
if  O0<x-1ko then l—1<g
X
We have
1= =x
X X | X|

. 1 x—1
We find a positive constant C such that m <C = ||—|| < C|x-1| and we can make
X X

C|x—1|< & by taking |x—1|<%:5

. . : 1
We restrict x to lie in the interval | X—1|< 5 then

1 3 2 1 1
—< X< — = —<—<2 = —<2
2 2 3 X [ X|

So C =2 is suitable and we should choose 6 = min {%,%}
Show that & works.

Given € > 0, we let 5=min{%,%}. If 0</x—1|<J then

1 1 3 1
| X—1|<— = —<X<— = —<2
2 2 2 I X|
Also
H=Xl o o 2ioxke = |1-x|<&
| X] 2
SO
1_1 :M<2.£:g
X | X| 2
Therefore,
limlzl

x—=1 X



44. lim L2=l
>3 XT3

Given € > 0, we want to find ¢ > 0 such that

it 0<x-3& then iz—é«;
X

We have

11

]| BB 0| _[V3-0lEx]

| 3x° | ‘ 3x° ‘ 13%° |
Let’s assume that 6 < 1. This is a valid assumption to make since, in general, once we find
a o that works, all smaller values of § also work. Then | x - NG |< o <1 implies that

“1<x-3<1

—1+\E<x<l+\5

—1+2\/§<x+ 3<1+2\/§

Then

V3-0 13 +x|< [V3-0](1+2V3) <&
&

N3 -x]< (1+23)

Now choose 6 = min I,L . This guaranties that both assumptions made about 6 in
(1+2+/3)

x> 3

the course of this proof are taken into account simultaneously. Thus, if 0 <| X — V3 <o, it

follows that

— ——|< ¢ . This completes the proof.
X



Pg.90

7.
(a)
X’ X#1
f(xX)=41""~
) {O, x=1
Find the x-intercept:
X =0
x=0
The x-intercept is (0, 0).
Find few points:
X =3 -2 -1 3
y=x 27 -8 —1 27
B
25
20
15
10
5
R =:4
(b)
lim f(x)=1

x—1"

lim f(x)=1

X—1




(c) Since lim f(x)=lim f (x)then lirrll f (X) exists:
x—1" x—1" X—>

lin} f(x)=1
1-x* x#1
8. f(x)= ’
*) {2, x=1
(a) Find the x-intercepts:
1-x*=0

(1-x)(1+x)=0
I1-x=0 or 1+x=0
x=1 or x=-1
The x-intercept is (-1, 0) (the point (1, 0) is not on the graph of f).
Find the y-intercept:
f0)=1-0*=1
The y-intercept is (0, 1).
The x-coordinate of the vertex is
b 0
2a 2-(-1)
The vertex is (0, 1).
Find few points:

X —4 -3 -2 2 3

x° ~15 -8 3 3 -8




13.

25.

26.

(b)
lim f(x)=0
X—1"
lim f(x)=0
x—1*
(c) Since lim f(x) =lim f(X)then linll f (X) exists:
x—1" x—1* X—

lim £ (x)=0

i \/x+2:\/—0.5+2: /g:ﬁ
x>-05"\ X+1 -0.5+1 0.5

lim X__l

x->1" \ X4 2

lim .| *—L ¢

x>\ X+ 2

im [ X j(z;ws - lim x(2xt5) _ i X@2x+5)
x>\ X+1 )\ X"+ X)) =2 (X+1)(X"+X) x>2" X(X+1)(X+]1)

2X+5  2(-2)+5 1
m 2 - 2 = 2
x->=2" (X+1)°  (=2+1)° (-]

sin 2X

limM:hmM:hm(smzx- ! jzzlim
x—0 X x—0 X X—0 X cos 2X x—0

. sin2X .. 1 1 1
=211msm -lim =21 =2.—

x=0 22X x>0 cos2X cos0 1
=2
.2t .2t . 2tcost .. 2cost
lim =lim——=lim— =lim—
t>0 tant t—0 sint 50 gint t>0 sint

cost t

_ thi_{ECOSt _ 2cos0 _

limsmt 1

t->0 t

(

sin 2X

2X

1

cosS2X

)



39.

40.

sin 3X 3X'sin3x
lim 23X _ iy | cos3x | _pip ) Lsm3X 1 g b 17 x|
x=0 §in8X x>0 8X_Sln8x x>0| 8x sIn8X cos3x | x>0 8x SIn8X  cos3X
8X 8X 8
sin 3X sin 3X sin 3X
— lim 3_X3_XL h 33_XL _3im _3x . 1
x>0| 8x SIN8X cos3X x>0| 8 Sin8X cos3xX 8 x»0| SINn8X cos3X
8 8X 8X
sin 3X lim sin 3X
_3 lim—3X_.{im L | 3] o 3x_ . 1
8| x>0 sin8X x-0 cos3x | 8| ;. SIN8X cosO
— lim——
8X x>0 8X
3(11).3
8\11) 8
cosSy
limsm3ycot5y:lim sin3y cotSy _lim 3's1n3y‘ sinSy
y>0  ycotdy  yool y  cotdy ) voo 3y cos4y
sin4y
3lim 81n3y.c$)s5y.s1n4y ~ 3lim sm3y's%n4y.0055y
y=0 3y sinSy cos4y y=0{ 3y sinSy cos4y
in3 in 4 5 4y'8124y 0
= 3| lim 222 i S0 i €08V 3y YOS
y=0 3y y->0sinSy y-0cosdy y»OSy.SmSY cos0
Sy
sin4y sin4y sin4y
23| tim| 2 A D g 28y 12 4y
y=0| 5y sin5y | | y—>0| 5 sinSy 5 y»o| sinSy
Sy Sy Sy
sin4y
2% 4y 12112
5 limsmSy 51 5
y—0 Sy



41.

13.

14.

15.

sin @
tan & : cos @ . sin@sin30 . (sin@ sin30 1
im— =lim =lim > =lim . .
9-0 @~ cot30 -0 9 cos30 050 0*cosBOcos3f -0\ @ 6 cosf@cos3l
sin 30
zlimsme-limsm%)-lim 1 :1-3limsm39- 1
00 @ -0 @  0-0cos@cos3H -0 30 cosOcos0
=3~1~L=3
1-1
. 101
1
=——-3X
y X—2

The first term is a rational function so it is continuous everywhere except x = 2 (it is not
defined at x = 2), the second term is a polynomial function so it is continuous everywhere.
Therefore, Yy is continuous on the intervals (—oo, 2)U(2, ).

1

+4
(X+2)

y:

The first term is a rational function so it is continuous everywhere except x = —2 (it is not
defined at x = —2), the second term is a constant function so it is continuous everywhere.
Therefore, Y is continuous on the intervals (—o0,—2)( —2, ).

X+1

y= x> —4x+3

Find the domain:
X’ —4x+3=0

x> =3x—x+3=0
X(X=3)—-(x=3)=0
(x=3)(x-1)=0
x=3 or x=1

The domain is the intervals (—oo, 1)U(1, 3) U(3, ).
y is a rational function so it is continuous on its domain or on the intervals
(—oo, 1)U(1, 3) U(3, ).



35.

Vs T
limcos| ———— |=cos| ———
=0 { 19—3sec2t] (\/19—3se00j

( n J r 2
=CoS| —— :COSZ:_

2

{57)

T 2

T T T
COS| ———— |=CO0S| —— [=CO0S| — |=CcoS— = —
[\/19—3sec0] (\/19—3-1J (\/16j 4 2

Since ltll’IOl f (t) = f (0) then the function is continuous at t = 0.

36. lim+/csc? X+ 543 tan X = |22 +5\/§-? —J4+5=3
x>

\/csc2X+5\/§tanx = 22+5\/§‘?=\/4+5 =3

Since lim f(x)=f (%j then the function is continuous at X = % .

X—>
6

37. lim sin ze& =sin zeJ6 =sin Z-1 =1
x—0" 2 2 2
sin(zew]=sin(£~lj=l

2 2

Since lim f(x)=f (0) then the function is continuous from the right at x = 0.
x—0"

x* =9

39. g(X) =
X—3
Find one-sided limits at x = 3:

2_ J—
lim X =2 = fim KEICHD i x4 3) 234326

x-3 X—13 X—3" X—73 X—3"

x> -9 — lim (X=3)(x+3) _

lim = lim(x+3)=3+3=6
x=3" X—=3  x-o3" X—3 x—3*
Thus,
2
limX =2 —¢
x-3 X—3

To be continuous at x = 3 we must define g(3) = 6.



t? +3t—10

40. h(t)="——

Find one-sided limits at t = 2:

li

2 _ 2 _ _ _
.mt + 3t 10:1. t"+5t -2t lozlimt(t+5) 2(t+5)

Clim =D sy =457

m
t—2" t-2 t—2" t-2 t—2" t—

2

2

t—2" t-2 t—2"
2 _ 2 _ _ _
limt +3t lozlimt +5t -2t lozlimt(t+5) 2(t+5)
t—2* t-2 t—2* t-2 t—2* t—
Cim 8D sy =24527
t—2" t— t—2"
Thus,
. tP4+3t-10
W

To be continuous at t =2 we must define h(2) = 7.

s*—1
41. f(s)=
) s’ —1

Find one-sided limits at s = 1:

s> 87 —1  sor (s=1)(s+1) s> s+1

1+1

. =1 . (s=1)(s’+s+1) .. ST+s+1 1P+1+1 3
lim ———=lim = lim = =
s>1' 62 =1 sor (s=1)(s+1) s> s+l 1+1
Thus,

s$-1_3
s>1s?—1 2

To be continuous at s = 1 we must define f (1) = %

55.x° —15x+1=0

Consider the function f(x) = x” — 15x + 1.
f(—4)=(-4) - 15(4)+1=-3

f(-3)= (-3 - 15(3)+1=19
f(-2)=(-2)’ - 15(-2) + 1 =23
f-1)=(-1’-15-1)+1=15
f0)=0’-15(0)+1=1
f(1)=1"-15(1)+1=-13
f2)=2"-152)+1=-21

3 ) , ,
ol (s=D(ETs+) L s4s+l P+ltl 3

2

2



f3)=3-153)+1=-17
f4)=4"-154)+1=5

f is a polynomial function, so it is continuous everywhere. f changes its sign on the intervals
(—4,-3), (0, 1) and (3, 4). By the Intermediate Value Theorem f must have three zeros on

these intervals.
56. F(X)=(x—a)’(x—h)*+x

F(a)=(a—a)’(a—b)’+a=0+a=a
F(b)=(b—a)’(b—b)>+b=0+b=b

b . . .
lies between a and b, so by the Intermediate Value Theorem there exists a

The number

number € between a and b such that f(c) = aT+b .

Pg.114
3Xx+7
16. f(x)=
(x) x*=2
3x+7 N
3+7 . x® x2 o ox x> _0+0
@ e =i 5 =i T !
XX X X
3x+7 +7
3X+7 2 g2 w2 0+0
b) 1 = XX _limX X = =
()x—>—ooX2 2 xa—wxiz_i X—>00 _i 1_0
X3 X2 X
7%}
17. h(X) =———M
(x) X —3x% +6X
7%
3 5
(@) lim———— —fim %X —fm— = _
e X =3X+6X 0w X’ 306X ony 3 6 1-0+0



w

3 3
) lim—— % —fm—— X —fm—— =T
x——0 x> —3%x? +6X xe—ooxi_’_‘)i g x»—wl_é_i_i 1-0+0
X X X X X
10x° + x* +31
10%° x4+31 0, 1 31
Sex? 6 Tt e ~ Tt e
(@ im XA X0 X gy X — =O+(1)+0=0
X—00 X X—>00 X X—>00
N
10x° x4+31 10+ 1 +31
5 4 6 T 6T 6 VN NS
(b) fim 2 Xy X0 X Xy x )0 04040
X—>—00 X X—>—00 X X—>—00 1 1
N
9x* + X
20. h(x) =
(%) 2xP +5x° —x+6
(a)
lm_ XX xt xt ~ lim X’
o0 2X 5K = X+6 o= 2XT K_L+£ o, 5 16
¥ oxt oxt Xt x x x'
9+0 9
T 240-0+0 2
(b)
lm XX xt — lim X’
X—>—00 4 2_ X—>—00 4 2 X—>—00 5 1 6
2X' +5X"—=X+6 2x" 5X X 6 D)
KT e e

+7
o oxr xt x

_ 9+0
2+0-0+0

9
2



_X4

22. h(x) =
(x) X' =7 +7x*+9
4
X
A A
—X 4 -1 -1
a) lim =lim X = lim =—=-1
O T e R e e 9 ey 7 7 9]
xoxt o oxt X x x x
4
X
A N
—X 4 -1 -1
(®) xEon“—7x3+7x2+9 o 7% Ix* 9 xiril 7 7 9 1
X T T e T
24.
1 x> x 1) . 3
li Sy ?+F_? = lim +;_7
2 - 2 -
X—>—00 8x* =3 X—>—00 8X 3 X—>—00 _i
XX X
1 1
C(140-0) (1) 1
8-0 8 2
1 1
X3 X 1 1
- 1_ 1_7
29 Xlilgi/_ 5 :xlir}}o 1 1 :xll}}}c i l :XILI}L :xl—>—oo 1 :1_|_0_1
X+ X X3 +X5 X3 X5 1+ 11 1+T
Tt 33 mE
X3 x3
x' ox? : 1 . 1
Ly oy ST 144 )
30. lim2— "= lim XX _ jim X lim X oo
X—0 X — X X—>—0 X X X—>—00 X—>—00
F F X—1+2 X—1+3 ; 7
43, lim = =00
x»7(x_7)

because (Xx—7)° >0 as X —> 7.

=0 X°(X+1)

because x> > 0 and X+1—>1las x—>0.



2
. X o1 o1
=lim—-1lim—=0-1lim —=-w
x=0" 2 x=0" X x—=0" X

2
j: lim 2~ lim L = 0— lim L = oo
x—»00 2 x50 X x—0" X

© tim[ X L)o@ 1 ¥4 1 B2 22
x> 2 X 2 %/5 2 %/E 2%/5 2%/5

= 2 -1 2
56.
2 2
(a) limX 1= im X -1 =0
x>2" 2X+4  x>-2" 2(X+2)
because x* —1— 3and L—>oo as X —> 2",
X+2
2 2
() lim =L = gim T
x>2"2X+4  x>-2 2(X+2)
because x* —1— 3and L—>—oo as X > —-2".
X+2
2
(©) lim X =L = fig X=DOHD

of 2X+4 o 2X+4
because X—1—>0, X+1—>2 and 2Xx+4—>6 as x —>1".

@ tim X101
x>0" 2X+4 2-0+4 4

80.

: ~ L (X9 =X+ D)X A9 X+ 4)
152(\/x+9 \/x+4)_11_r)2 S i0+dxaa

_ lim X+9—(x+4) lim X+9—-x-4
0 X+ +/X+4 P IX+9 +/x+4
. 5

=lim =0

22 \IX+9 +/X+4

because VX+9 +VX+4 >0 as X — 0.



1.

lim(\/xz+25—\/x2—1): im(\/xz+25_\/X2—1)(\/X2+25+\/x2—1)

X—>00 X—>00 \/XZ +25 +\/X2—1
X225 (X* =) . xXP+25-%x7+1

=lim =lim
on 32 125 4403 =1 X425 +4%2 =1
. 26

=lim

-0
o0 [x? 425 +4/x% -1

because X2 +25 +x —1 —> 00 as X —> .

X' —4
x—1

101. y =

The domain is the intervals (—oo, 1)U(1, ).
-X)’ -4 X -4
yx =
-X-1 X+1
The function is neither odd nor even.
Find the x-intercepts:

2

X 4:0
X—1
2_4=0

(x=2)(x+2)=0
X=2 or x=-2

The x-intercepts are (-2, 0) and (2, 0).
Find the y-intercept:

The y-intercept is (0, 4).
The denominator is zero at x =—1, so the line x =—1 is a vertical asymptote.
To find the equation of a slant asymptote we use the long division:

X+1

x—1ﬁ2—4
X2 —x

xX X
Ll N

|
w



Thus,

2

3

= Xx+1-——

X—1

The slant asymptote isy =x + 1
Find few points:

X -14 -6 -1 _l 3 14
2 2
_4 | —-12.8 [-457 |15 2.5 35 14.77
y:
x—1
sy 4
10 y=x+1
8 /
| v
l x=1 /
A /
LT
14 212 10 -8 -6 -4 2, ’
S L]
J/ |
/ -4 +
) Z l
// -5
// )
// Q
/ -
l/ 16
/ -
’/ 12
s
1/ 14
Vi 14




2

The domain is the intervals (—oo, —2)U( =2, ).
(—x)’-1_ x*-1

V() =

2(-X)+4 —2x+4

The function is neither odd nor even.
Find the x-intercepts:

X -1
2X+4
x> =1=0
(x=D(x+1)=
x=1 or

0
Xx=-1

The x-intercepts are (-1, 0) and (1, 0).
Find the y-intercept:

y(0)=— !

20)+4 4

1

. : 1
The y-intercept is [0, _Zj .

The denominator is zero at x =2, so the line x = -2 is a vertical asymptote.
To find the equation of a slant asymptote we use the long division:

1

—x-1
2

2x+45x2—1

X%+ 2X
-2x-1

—-2X

—4

2

Thus, X~
2x+4

3
1

1:—x—1+

2

3
2X+4

The slant asymptote is y = % Xx—1.

Find few points:

X 14 | =8 4 [3] 5[ 37 4 8 14
2 2
W1 | 813 525|375 4 |-525|125] 125 3.15 | 6.09
Y o4




14

12

x/2-1

10

y=

L

e

rs

14
14
12
10
10

10
10

12

-1

/il’

-10

-12

14

14
14




